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a b s t r a c t

A mathematical model is proposed for predicting frost behavior on a heat exchanger fin under frosting
conditions, taking into account fin heat conduction. The change in the three-dimensional airside airflow
caused by frost growth is reflected in this model. The numerical estimates of frost thickness are consis-
tent with experimental data, with an error of less than 10%. Due to fin heat conduction, frost thickness
decreases exponentially toward the fin tip, while considerable frost growth occurs near the fin base.
When a constant fin surface temperature is assumed, the predicted frost thickness was larger by more
than 200% at maximum, and the heat flux by more than 10% on average, compared to results obtained
with fin heat conduction taken into account. Therefore, fin heat conduction could be an essential factor
in accurately predicting frost behavior. To improve prediction accuracy under the assumption of constant
fin surface temperature, the equivalent temperature (for predicting frost behavior) is defined to be the
temperature at which the heat transfer rate neglecting fin heat conduction is the same as the heat trans-
fer rate with fin heat conduction taken into consideration. Finally, a correlation for predicting the equiv-
alent temperature is suggested.

Crown Copyright � 2009 Published by Elsevier Ltd. All rights reserved.
1. Introduction

When water vapor contacts the fins of a heat exchanger operat-
ing at low temperatures, a porous frost layer accumulates on the
cold surface. The frost layer contributes to the increase in both
thermal and flow resistances as operating time elapses, thus
degrading the thermal performance of the heat exchanger. There-
fore, both the behavior of the frost formed on the fin and the char-
acteristics of the heat and mass transfer must be accurately
predicted in designing effective heat exchangers.

The study of frost formation on heat exchangers can be accom-
plished by two different approaches: a macroscopic point of view
and a microscopic perspective. The first approach, which has al-
ready appeared in numerous studies [1–5], focuses on the perfor-
mance evaluation of the entire system, making it difficult to
predict local frost behavior. The second approach provides a de-
tailed consideration of frost formation phenomena on cold sur-
faces, so that the results can be applied to heat exchangers. Most
studies [6–12] have proposed mathematical models for predicting
the behavior of frost forming on a cold surface by assuming a con-
stant fin surface temperature. However, the results of these studies
differ from cases that consider a nonuniform temperature distribu-
tion along the fin. Recently, some studies [13–16] have analyzed
frost formation phenomena on a fin by considering fin heat con-
duction. Chen et al. [13] analyzed frost behavior on heat exchanger
009 Published by Elsevier Ltd. All r
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fins by using a local volume-averaging technique proposed by Tao
et al. [12], and compared their results with the experimental data
of Chen et al. [14]. Tso et al. [15] proposed an improved model for
predicting the performance of finned tube heat exchangers with
frost thickness variations along the fins by converting a rectangular
fin into an equivalent angular fin. However, these studies [13,15]
did not consider the change in the airside airflow caused by frost
growth. Xia and Jacobi [16] proposed an exact solution to steady
heat conduction in a two-dimensional (2D) slab on a one-dimen-
sional fin, but this study considered heat conduction within the
composite medium, and had no bearing on the prediction of frost
behavior by frosting analysis.

This paper proposes a mathematical model for predicting frost-
ing behavior on a heat exchanger fin under frosting conditions,
taking fin heat conduction into account. The change in three-
dimensional (3D) airside airflow caused by frost growth is reflected
in this model. A frosting experiment is carried out to validate the
model. We predict frost formation phenomena on a fin with a non-
uniform temperature distribution, and compare frost behavior
with and without fin heat conduction.
2. Theoretical study

2.1. Physical model

Fig. 1 shows the configuration of a plate-fin heat exchanger,
with the fins placed parallel to the airflow direction. Taking the
ights reserved.
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Fig. 1. Configuration of a heat exchanger.

Nomenclature

cp specific heat (J/kg K)
Dw mass diffusivity (m2/s)
Fo Fourier number, aatop=L2

fin
Hfin fin height (m)
hh heat transfer coefficient (W/m2 K)
hm mass transfer coefficient (kg/m2 s)
hsv latent heat of sublimation (J/kg)
k thermal conductivity (W/mK)
keff effective thermal conductivity (W/mK)
Lfin fin length (m)
mw mass concentration of vapor
_my mass flux for frost thickness (kg/m2 s)
_mq mass flux for frost density (kg/m2 s)

P pressure (Pa)
qtot total heat flux (W/m2)
ReL Reynolds number, uaLfin/m
T temperature (K)
Teq equivalent temperature (K)
tfin fin thickness (m)
top operating time (min)
u air velocity (m/s)

w absolute humidity (kg/kga)
yf frost thickness (m)

Greek symbols
af absorption coefficient (m2/s)
D increment
m dynamic viscosity (m2/s)
q density (kg/m3)

Superscript
* dimensionless

Subscripts
a air
b fin base
f frost
fs frost surface
in inlet
out outlet
sat saturation
t time
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array of heat exchanger fins and the flow characteristics into
consideration, we simulated frost behavior on only one fin instead
of all the fins, as depicted by the shaded region in Fig. 1. For the
simulation, the following assumptions were made:

(1) The airflow was 3D, incompressible, and laminar.
(2) The effect of gravity was negligible.
(3) The frosting process proceeded in a quasi-steady state.
(4) The thermal conductivity of the fin was constant.
(5) The temperature distribution of the fin was 2D, i.e. Tfin(x,z).

2.2. Mathematical model

The frosting model consisted of an airside, frost layer, and fin
model, and these were coupled together. We added fin heat con-
duction to the existing model (i.e. an airside with a 2D airflow
and a frost layer) and extended the airside model to a 3D airflow
field to make accurate predictions about the frost formed on the
fin.
2.2.1. Airside
The laminar flow equation was employed to determine the

change in 3D airside airflow caused by frost growth. The governing
equation is expressed in tensor form as

o

oxi
ðqui/Þ ¼

o

oxi
r/

o/
oxi

� �
þ S/ ð1Þ

where / is the dependent variable, and r/ and S/ are the diffusion
coefficient and source term corresponding to the dependent vari-
able, respectively, as listed in Table 1.

Eq. (1) was subject to the boundary conditions shown in Fig. 2,
and the conditions were grouped by inlet/outlet, symmetry, and
wall/interface boundaries.

2.2.1.1. Inlet and outlet boundaries. The working conditions of the
airflow were set as the inlet conditions. For the outlet, a zero-gra-
dient condition was imposed. These conditions are as follows:

Inlet : u ¼ uin; v ¼ 0; w ¼ 0; T ¼ T in; mw ¼ mw;in ð2aÞ

Outlet :
ou
ox
¼ 0;

ov
ox
¼ 0;

ow
ox
¼ 0;

oT
ox
¼ 0;

omw

ox
¼ 0 ð2bÞ
2.2.1.2. Symmetry boundaries. Taking the array of heat exchanger
fins and flow characteristics into consideration, symmetry condi-
tions were imposed in the following planes:

Front plane; y ¼ 0 :
ou
oy
¼ 0;

ov
oy
¼ 0;

ow
oy
¼ 0;

oT
oy
¼ 0;

omw

oy
¼ 0 ð2cÞ

Rear plane; y ¼W :
ou
oy
¼ 0;

ov
oy
¼ 0;

ow
oy
¼ 0;

oT
oy
¼ 0;

omw

oy
¼ 0 ð2dÞ
2.2.1.3. Wall and interface boundaries. A no-slip boundary condition
was imposed for all surfaces including an air–frost interface. The
wall was assumed to be adiabatic. At y = 0 and z = 0, the fin base
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Fig. 2. Boundary conditions.

Table 1
/, r/ and S/ for Eq. (1).

Equation / r/ S/

Continuity 1 – 0

u-Momentum u l � oP
ox

v-Momentum v l � oP
oy

w-Momentum w l � oP
oz

Energy T ka/cp 0
Mass concentration mw qDw 0
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temperature (Tb), along with the direction of airflow, was held con-
stant. The water vapor on the cold plate and interface was regarded
to be saturated.

Bottom plane; z ¼ 0 : u ¼ 0; v ¼ 0; w ¼ 0; oT=oz ¼ 0;
omw=oz ¼ 0 ð2eÞ

Top plane; z ¼ H : u ¼ 0; v ¼ 0; w ¼ 0; oT=oz ¼ 0;
omw=oz ¼ 0 ð2fÞ

Cold plate ðfinÞ : u ¼ 0; v ¼ 0; w ¼ 0;
T finðx; y ¼ 0; z ¼ 0Þ ¼ Tb; mw ¼ mw;satðT finÞ ð2gÞ

Air-frost interface; y ¼ yf : u ¼ 0; v ¼ 0; w ¼ 0; T ¼ T fs;

mw ¼ mw;satðT fsÞ ð2hÞ
Frost
S

bT

finHy

fint

finL

x
z

Moist air

Fig. 3. Schematic diagram of fin heat conduction model.
2.2.2. Frost layer
The governing equations for predicting frost growth are those of

heat and mass transfer. The water vapor diffusion equation and
heat transfer equation in the frost layer are expressed as follows
[8]:

Dw
o2qw

oy2 ¼ af qw ð3Þ

keff
o2Tf

oy2 ¼ �af qwhsv ð4Þ

where Dw is the diffusion coefficient of water vapor and af is an
absorption coefficient. The effective thermal conductivity (keff) of
the frost layer is a function of the frost density only, as described
by Lee et al. [8].

The total heat transfer was the sum of the sensible and latent
heat between the moist air and the frost surface.

qtot ¼ qsen þ qlat ¼ hhðTa � T fsÞ þ hmðwa �wfsÞhsv ð5Þ

The water vapor absorbed into the frost surface from the moist air
was diffused within the frost layer, resulting in an increase in both
frost thickness and frost density.
_mf ¼ qaDw
omw

oy

����
yf

¼ _my þ _mq ð6Þ

The frost thickness and the frost density at a given time step were
calculated from

yf

��
tþDt
¼ yf

��
t
þ

_my

qf

�����
t

Dt ð7aÞ

qf

���
tþDt
¼ qf

���
t
þ

_mq

yf

�����
t

Dt ð7bÞ
2.2.3. Fin model
Fig. 3 shows a schematic diagram depicting the heat conduction

model on a 2D fin surface. The fin heat conduction model was cou-
pled with the frost layer model as follows:

kfin
o2T fin

ox2 þ
o2T fin

oz2

 !
þ S ¼ 0; S ¼ 2

tfin
keff

oTf

oy

����
y¼0

ð8Þ

where S is the heat transfer rate from the frost layer into the fin, and
the factor of 2 accounts for the frost growth on both sides of the fin.
As the boundary conditions for this fin heat conduction model, a
constant temperature was specified at the fin base, and the other
three edges were assumed adiabatic because of the thinness of
the fin.

T finðx; y ¼ 0; z ¼ 0Þ ¼ Tb ð9aÞ
oT finðx; y ¼ 0; z ¼ HfinÞ

oz
¼ 0 ð9bÞ

oT finðx ¼ 0; y ¼ 0; zÞ
ox

¼ 0 ð9cÞ

oT finðx ¼ Lfin; y ¼ 0; zÞ
ox

¼ 0 ð9dÞ
2.3. Numerical analysis

We conducted a numerical analysis using the SIMPLER algo-
rithm, and employed nonuniform and staggered grids to ensure
the accuracy of the solution. We also used variable-grid methods
to resolve the moving boundary problem caused by frost growth
[17]. These methods used equal time steps and maintained a fixed
number of space intervals during the operating time to allow the
size of the space interval to change in accordance with the moving
air–frost interface. A grid independence test was performed by
changing the number of grid points, until the changes in frost
thickness and heat transfer rate were less than 1%.

To begin with, the primary values, such as operating conditions
and initial conditions, were assumed. The initial temperature dis-
tribution on the fin was computed on the basis of fin heat conduc-
tion, and the equations governing both the airside and the frost
layer were solved simultaneously. The heat and mass transfer rates
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Fig. 5. Comparison of fin surface temperature between numerical results and
experimental data at t = 90 min.
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were computed iteratively until an energy balance was attained at
the air–frost interface [9]. With the frost surface temperature sta-
bilized, we calculated frost properties such as frost thickness and
frost density at each grid point. These frost properties were in-
serted into the fin heat conduction model to obtain a new temper-
ature distribution, which was then used as a new boundary
condition for the next time step to solve the governing equations
for the airside and frost layer. This procedure was repeated during
the given operation time.

3. Experiment

A frosting experiment was performed to validate the frosting
model described above. The test conditions were 7 6 Ta 6 10 �C,
1:0 6 ua 6 1:5 m=s, 0:00371 6 wa 6 0:00569 kg=kga and � 20 6
Tb 6 �25 �C.

The experimental apparatus was composed of four sections [9]:
a climate chamber for controlling the humidity and temperature of
the inlet air, a cooling section for controlling the temperature and
flow rate of the refrigerant, a test section for measuring the frost
layer on the fins of a heat exchanger, and a circulation section con-
necting each section to recirculate the moist air.

Fig. 4 shows the schematic diagram of test section of which size
was 300 � 150 � 150 mm. The heat exchanger (HEX) was placed at
the center of the test section. Holes were drilled on two sides of the
test section for the measurement of frost thickness. The holes were
made as small as possible in order to minimize the measurement
error caused by the entry of ambient air through the holes during
measurements.

The heat exchanger fins were initially plastic-wrapped to pre-
vent frost formation on the fin while stabilizing the experimental
conditions. When the operating conditions reached a steady state,
the frosting experiment was initiated by detaching the wrap from
the fins. Each experiment was repeated more than five times. Fin
surface temperature and frost thickness were measured at the dis-
tances of z = 17.5, 35, and 52.5 mm away from the fin base when
x = 30 mm, and at the positions of x = 15, 30, and 45 mm away from
leading edge of the fin when z = 35 mm. The fin surface tempera-
ture was measured by type T thermocouples, and the frost thick-
ness was measured using a digital micrometer [18].

The uncertainties [19] of the base and surface temperatures of
the fin were found to be within ±0.34 and ±0.31 �C, respectively.
The uncertainty of the frost thickness was ±0.04 mm.

4. Results and discussion

The frosting model proposed in this study was validated by
comparing numerical and experimental data. Fig. 5 shows the com-
parison of the fin surface temperature on 2D fin, in the airflow
direction and the direction perpendicular to airflow. The tempera-
ture distribution of 2D fin was consistent with the experimental
W

H

L
HEXRef. In

Out

Moist air

Hole

Hole

Fin

Fig. 4. Schematic diagram of test section.
data. Fig. 6 shows the comparison of the transient frost thickness
on 2D at different humidity ratios. The numerical predictions of
the frost thickness were in close agreement with the experimental
data, with the error less than 10%.

4.1. Frost behavior

The fin used in this study was 60-mm-long, 70-mm-high, and 1-
mm-thick. Thermal conductivity of the fin was 220 W/mK. The
temperature distribution of a heat exchanger fin is closely related
to both the frost behavior and the characteristics of heat and mass
transfer. Fig. 7 shows the temperature contours on a 2D fin surface
at given conditions. The temperature distribution was nonuniform
as a result of the fin heat conduction. The temperature at the fin
base (z = 0 mm) was constant while the fin surface temperature in-
creased toward the fin tip (z = 70 mm). However, the temperature
gradient in the x-direction (i.e. the airflow direction) was small
throughout the entire fin, since it was mostly affected by changes
in the properties of the moist air. In particular, little variation
was observed in the temperature gradient near the fin base, where
temperature was constant.
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Fig. 8(a) shows the frost thickness distribution on a 2D fin at
t = 90 min. In the z-direction, considerable frost growth was seen
near the fin base due to fin heat conduction, and the frost thickness
decreased exponentially toward the fin tip. Frost growth in the x-
direction was active near the leading edge of the fin due to the
leading edge effect, but decreased slightly toward the trailing edge
of the fin. The variation of the frost growth in the x-direction was
insignificant compared to that observed in the z-direction.
Fig. 8(b) shows the heat flux on a 2D fin surface at t = 90 min.
The heat transfer rate decreased toward the fin tip and also toward
the trailing edge of the fin. In particular, the rate of decrease of heat
transfer in the x-direction was high compared to that in the z-
direction. This is because the temperature and humidity of the
moist air diminished with its movement through the system,
resulting in a decrease in the total heat transfer rate (sensible
and latent heat) between the moist air and the interface.
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4.2. The effects of fin heat conduction

Since the temperature gradient in the x-direction was small, we
analyzed frost behavior in the z-direction at x = 30 mm by compar-
ing two fin conditions: one with fin heat conduction (Case A) and
the other with a constant fin surface temperature (Case B). The
resulting frost thickness on the fin is shown in Fig. 9(a). The frost
thickness decreased exponentially toward the fin tip in Case A,
while it remained unchanged in Case B due to the almost constant
properties of the moist air at x = 30 mm. At the maximum, the frost
thickness in Case B was more than twice that of Case A. Fig. 9(b)
shows the transient heat flux on the fin at a specific position, i.e.
x = 30 mm and z = 35 mm. The heat flux in Case A was 10% lower
on average than that of Case B due to the nonuniform temperature
distribution and corresponding frost growth in Case A. Conse-
quently, predictions of frost behavior made with the assumption
of constant fin surface temperature might result in inaccurate re-
sults and degrade the reliability of the model. Therefore, consider-
ation of the fin heat conduction would be essential to accurately
predict frost behavior.
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5. Equivalent temperature for the design of heat exchangers

Significant differences were seen in frost behavior with and
without fin heat conduction. A concept of equivalent temperature
was introduced to reconcile the difference between Case A and
Case B. The equivalent temperature is defined as the temperature
(constant in Case B) at which the heat transfer rate neglecting fin
heat conduction is the same as the heat transfer rate with fin heat
conduction taken into account. The concept of equivalent temper-
ature could be applied to the design of heat exchangers, simplify-
ing the analysis of frost behavior by avoiding the necessity of
solving the complicated model with fin heat conduction taken into
account. To predict frost behavior on heat exchanger fins at differ-
ent operating conditions, we derived a correlation of equivalent
temperature as a function of test conditions and geometrical
dimensions. Based on Design of Experiment, numerical analyses
were performed for 27 different conditions.

5.1. Equivalent temperature, Teq

Fig. 10 shows the heat flux under the assumption of the con-
stant fin temperature (Tc) (neglecting fin heat conduction) at
t = 90 min. The heat transfer increased logarithmically as the con-
stant fin temperature decreased. With fin heat conduction taken
into account, the heat transfer rate at Tb = �20 �C was 493 W/m2

(marked as point P), which was the same as the heat transfer rate
at Tc = �13 �C neglecting fin heat conduction. The equivalent tem-
perature was determined in this way, as illustrated by the broken
arrow in Fig. 10.

5.2. Dimensionless correlation of equivalent temperature

To derive the correlation of equivalent temperature based on
the heat transfer rate, we first calculated the equivalent tempera-
tures for 27 different runs using the procedure described in the
previous section. Through a dimensional analysis, a correlation of
dimensionless equivalent temperature was expressed as a function
of frosting parameters (air temperature, air velocity, air humidity
ratio, fin base temperature, frosting time, constant fin surface tem-
perature), geometrical dimensions (fin length, fin height, fin thick-
ness) and air properties (density, viscosity, and thermal
diffusivity).

FðTa; ua;wa; Tb; top; Tc; Lfin;Hfin; tfin;qa;la;aaÞ ¼ 0 ð11Þ
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By combining these variables, six nondimensional parameters were
defined, i.e. dimensionless temperature, air humidity ratio, Rey-
nolds number, Fourier number, ratio of fin height to fin length,
and ratio of fin thickness to fin length.

T�c ¼
Tc

Tb
¼ GðT�a;w;ReL; FoL;G

�
fin; t

�
finÞ ð12aÞ

where

T�a ¼
Ta

Tb
; ReL ¼

uaLfin

v ; FoL ¼
aatop

L2
fin

; G�fin ¼
Hfin

Lfin
; t�fin ¼

tfin

Lfin

ð12bÞ

The correlation of dimensionless equivalent temperature based on
heat transfer rate was obtained by the least square method as
follows:

T�c ¼
Teq

Tb
¼ 0:83752ðT�aÞ

0:14460ðwÞ0:00738ðReLÞ0:01584ðFoLÞ
�0:00090ðG�finÞ

0:04457ðt�finÞ
�0:02015

ð13Þ

where Teq represents the equivalent temperature of the fin. This
correlation is valid when 277.15 6 Ta 6 283.15 K, 0.00301 6 wa 6
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Fig. 11. Comparison of the calculated and correlated data of the equivalent
temperature.
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t = 90 mm.
0.00608 kg/kga, 1.0 6 ua 2.0 m/s, 0 6 top 6 90 min, 243.15 6 Tb 6

253.15 K, 40 6 Lfin 6 80 mm, 50 6 Hfin 6 90 mm, and 0.6 6 tfin 6

1.4 mm.
Fig. 11 compares the calculated and correlated equivalent tem-

peratures based on the heat transfer rate. The proposed correlation
was in close agreement with the calculated data, with an error of
less than 10%.

Fig. 12 shows the equivalent temperature, predicted by Eq. (13),
as a function of the fin base temperature (Tb). The equivalent tem-
perature decreased linearly as the fin base temperature decreased,
regardless of fin height. When Hfin = 70 mm and Tb = �25 �C, the
equivalent temperature was predicted to be �18 �C. Fig. 13 com-
pares experimental average frost thicknesses with numerical re-
sults obtained by using the equivalent temperature, neglecting
fin heat conduction, and considering effects of humidity ratio.
The agreements were good. This indicates that the frost behavior
of heat exchanger fins having a nonuniform temperature distribu-
tion could be effectively predicted by using the equivalent temper-
ature and neglecting fin heat conduction.

6. Conclusions

A mathematical model was proposed to predict the frosting
behavior and the characteristics of heat and mass transfer on a heat
exchanger fin under frosting conditions, taking fin heat conduction
into consideration. In this model, the change in the 3D airside air-
flow caused by frost growth was accounted for, since airside, frost
layer, and fin model were coupled together. A frosting experiment
was performed to validate the model. The numerical results agreed
well with the experimental data, and the error was within 10%.
Considerable frost growth occurred in the z-direction near the fin
base due to fin heat conduction, and the frost thickness decreased
exponentially toward the fin tip. Under the assumption of constant
fin surface temperature, the frost thickness was larger by more
than 200% at maximum and the heat flux by more than 10% on
average, compared to results obtained with fin heat conduction ta-
ken into account. Thus, fin heat conduction must be considered to
accurately predict frost behavior. The concept of equivalent tem-
perature was introduced to make the simulation more valid under
the assumption of constant fin surface temperature, and predic-
tions that neglect fin heat conduction were shown to be reasonably
accurate via use of the equivalent temperature. A correlation of
equivalent temperature was derived that could be applied to the
design of heat exchangers.
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